A CANONICAL LINEAR SYSTEM ASSOCIATED TO ADJOINT 
DIVISORS IN CHARACTERISTIC p>0 

KARL SCHWEDE 

Abstract. Suppose that X is a projective variety over an algebraically closed field of 

characteristic p > 0. Further suppose that L is an ample (or more generally in some sense 

f^ I positive) divisor. We study a natural linear system in H°{X,Ox{Kx + L)). We further 

^S| . generalize this to incorporate a boundary divisor A. We show that these subsystems behave 

-»^ ' like the global sections associated to multiplier ideals, H^{X, J{X, A) ® L) in characteristic 

flN \ zero. In particular, we show that these systems are in many cases base-point-free. While 

rx^ . the original proof utilized Kawamata-Viehweg vanishing and variants of multiplier ideals, 

' our proof uses test ideals. 

(N 

^ ■ 1. Introduction 

"^ \ Suppose that X is a normal variety and A is an effective Q-divisor such that Kx + A 

,-S^ ■ is Q-Cartier. In characteristic zero, to this data one associates an ideal J{X, A) called the 

C^ , multiplier ideal, which reflects subtle properties of both the singularities and X and A. The 

utility of the multiplier ideal for projective varieties lies mostly in its connections with a form 
of Kawamata-Viehweg vanishing usually called Nadel vanishing. For example, consider the 
-^ , following application of the aforementioned vanishing and Castelnuovo-Mumford regularity. 

^ ' If M is a globally generated ample Cartier divisor on an n-dimensional normal variety and 

f^ . L is another Cartier divisor such that L — Kx — A is big and nef, then it follows that 

^ ; J{X, A) (g) Ox{nM -h L) is globally generated, cf. |Lazn4[ Proposition 9.4.26]. 

fT^ ■ In characteristic p > 0, to the same data (X, A), one can associate an ideal t(X, A) called 

r — I ! the test ideal. The test ideal agrees with the multiplier ideal after reduction to characteristic 

i^ ' p ^ and it has been shown that t(X, A) satisfies many of the same local properties as the 

multiplier ideal. However, global applications of the test ideal have so far been lacking. This 
is largely because the Nadel-type vanishing theorems are known to be false. In this paper we 
prove the following result. 

r> \ Theorem (Corollary 14. 5p . Suppose that X is an n-dimensional normal projective variety 

C^ ' over an F-finite field and that M is a globally generated ample Cartier divisor. Let A be an 

effective Q-divisor such that Kx + A is Q-Cartier and suppose that L is a Cartier divisor 
such that L — Kx — A is big and nef. 
Then 

t{X,A)®Ox{L + 7iM) 

is globally generated. In particular, if (V, A) is strongly F -regular, then Ox{L + nM) is 
globally generated. 

The proof strategy is the same as D. Keeler's simplified proof of some special cases of 
Fujita's conjecture in characteristic p > jKeeOSj . In this special case of Fujita's conjecture, 
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N. Hara also independently observed the same proof at roughly the same time as Keeler, and 
while he gave public talks on the method, he did not write it down. We will discuss this 
proof and generalizations in Theorem I3.4[ 

One application of the aforementioned global generation theorem for multiplier ideals is 
the construction of effective bounds on the degrees of hypersurfaces passing through points 
on P". More generally, in characteristic zero, these bounds are a special case of a result 
originally proved using vanishing theorems and multiplier-ideal- like constructions in |EV83j . 
cf. |Wal79j ■ Another proof of these bounds explicitly using the language of multiplier ideals 
can be found in |Laz041 Section 10.1], cf. |EV92j . This latter proof goes through without 
change and so we obtain a proof of the following characteristic p > theorem that exactly 
mimics global proofs using multiplier ideals. 

Theorem (Theorem SJD . |Har09[ Slide 17], cf. |Laz04[ Section 10.1]. 

Fix a reduced closed subscheme 5 C P^ = X , where k is an algebraically closed field of 
characteristic p > 0, such that each irreducible component Z C S has codimension < e in¥^. 
Suppose that A CW^ is a hypersurface of degree d such that mult^ A > I for all x £ S Then 
S lies on a hypersurface of degree [-^J . 

This result is not new to experts in characteristic p > 0. Indeed, this bound has been 
recently observed by B. Harbourne as a corollary of |HoHu02] . see |Har091 Slide 17] and cf. 
[HaHullj lELSOlj . However, it still demonstrates that global statements typically proven 
using multiplier ideals can be obtained through the use of test ideals. 

We now leave our discussion of applications. We actually prove a substantially stronger 
theorem than the mentioned global generation statement, Corollarv 14.51 above. We identify 
a canonical vector sub-space of H^ {X,t{X, A) ® OxiL + nM)) which globally generates 
t{X, A) (8 Ox{L + nM). It is the study of this linear system that inspires the title of this 
paper. Let us briefly describe how this linear system arises in a simple case. Suppose that 
X is a variety over a perfect field k and that ^ = Ox{L) is any line bundle (we are mostly 
interested in the case when L is positive, e.g. ample). Set F^ : X — >■ X to be the absolute 
e-iterated Frobenius. There is a natural Ojf-module map F^ujx — > ^x which arises from 
the Cartier operator if X is smooth, but exists generally as the Grothendieck-trace map. By 
twisting this map by ^ and taking cohomology we obtain maps 

i/o (X, F^iux ^P')) -^ i^° {X, ux®^). 

For e ^ 0, the image of this map stabilizes (note H^(X,uJx ^ =^) is a finite dimensional 
vector space) . We denote this stable image by S^ {X, ux C?) ^) ■ We should note that this 
image is sometimes a proper submodule of H^ {X, ux tS) ^), even if the map H^{X, F^ux) — > 
H^{X,ujx) is bijective, see for example |Tan72] . 

Suppose now that X is F-rational and ^ is a globally generated ample line bundle. In 
|Smi97bl IHarOSl IKeeOSj it is shown that ojx ® ^'^''^^+1 is globally generated, cf |Ara04] . 
However, essentially using D. Keeler's proof (also independently observed by N. Hara, as men- 
tioned above), we actually conclude that ux 0^'^^^'^^^ is globally generated by S^{X,ujx (8) 
^ ). In fact, the same result holds under the weaker hypothesis that X has F-injective 
singularities (a characteristic p > analog of Du Bois singularities) . 

This naturally leads one to ask whether Fujita's conjecture |Fuj87| (or the bounds in 
[SS95]) might hold for S°{X,uJx (^ ^)- 

Question 1.1. Suppose that X is a d-dimensional smooth variety and ^ is any ample line 
bundle. Is it true that for all n > d that 

(i) S^{X,uJx ® ^'^^^) is base-point-free, and 
(ii) S^{X.,ujx (8) =2'"'"''^) induces an embedding. 



A CANONICAL LINEAR SYSTEM 3 

Even without the assumption that ^ is globally generated, we answer this question in the 
affirmative for curves in Theorem 13.31 

This special linear system S^{X^ujx ® -Sf) also behaves better with respect to restriction 
than H^ (X^ux <8>-Sf). Suppose that Z is any F-pure center of a pair (X, A). There is a 
surjection between a canonical linear system on X and another one on Z, for any line bundle 
L such that L — Kx — A is ample. This, combined with the previous results implies: 

Theorem (Corollary [53]). Suppose that X is a normal projective variety and A is a Q-divisor 
such that Kx + A is Q-Cartier with index not divisible by p > and that {X, A) is sharply 
F-pure. Further suppose that M is a Cartier divisor on X such that M — Kx — A is ample. 
Suppose that Z ^ X is a normal F-pure center of {X, A). Write {Kx + A)\z ^q Kz + Az 
with Az as in Definition ] 5. 1\ Finally suppose that one of the following holds: 

(i) Oz{M) is equal to Oz{{'iimZ)A + B) for some globally generated ample Cartier 

divisor A on Z and some Cartier divisor B such that B — Kz — Az is ample, or 
(ii) Z is a minimal F-pure center and Oz{M) is equal to 0^((dimZ)^ + B) for some 
globally generated ample Cartier divisor A on Z and some Cartier divisor B such 
that B — Kz — Az is big and nef, or 
(iii) Z is a smooth curve and M\z — Kz — Az ~q (M — Kx — A)|^ has degree > 1, or 
(iv) Z is a closed point. 
Then H^{X,Ox{M)) has no base points along Z. 

In the final section of this paper. Section [6l we briefiy point out that many of the results 
of this paper admit generalizations to the setting of Cartier modules as developed in |BB09] . 
Indeed, the modules described in |BB09] seem to be the natural ones from the perspective of 
global generation statements. 
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2. Preliminaries 

Throughout this paper, all schemes will be assumed to be separated and of finite type over 
an F-finite field k of characteristic p > 0. Note every perfect field is automatically F-finite. 
A variety will mean a connected reduced equidimensional scheme over k (note that we do 
not assume varieties are irreducible). For any variety of dimension d, we use ujx to denote 
h~ uj'y (here uj^ is used to denote r]'k where rj : X — > k is the structural map). We point 
out also that little is lost by simply restricting to normal irreducible varieties. If X is normal, 
then a canonical divisor on X is any divisor Kx such that cox — Ox{Kx)- 

We also record the following special case of Castelnuovo-Mumford regularity which we will 
frequently use. 

Theorem 2.1 (Mumford). cf. |Laz04( Theorem 1.8.5] Suppose that X is a projective variety 
and ^ is a globally generated ample line bundle on X. Additionally suppose that ^ is a 
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coherent sheaf on X such that H^{X,^ (8) .^~*) = for all i > 0. Then ^ is globally 
generated. 

The rest of this section is somewhat technical and deals with Q-divisors and test ideals. 
Thus we suggest that the reader may wish to read Section [3] below first in order to learn the 
motivating ideas of this paper. 

On a normal variety, a Q-divisor A is a divisor with rational coefficients, A = ^ ajDj where 
the Di are prime divisors. With such a A, we use [A] to denote ^[ai]-Dj. A Q-divisor T is 
called Q-Cartier if there exists an integer n > such that nV has integer coefficients and as 
such is a Cartier divisor. In this case, the smallest such n > is called the index of T. 

Definition 2.2. A pair {X,A) is the combined information of a normal integral scheme X 
and an effective Q-divisor A. 

Our next order of business is to recall the definition of the test ideal and parameter test 
ideal of a pair {X,A), as well as other notions of F-singularities. Consider now the e- 
iterated absolute Frobenius map F^ : X — > X. The source of F'^ is isomorphic to X, 
although as a variety over k, rj o F'^ : X — > k it is different than X. We notice that 
{F'^)'U}^ = {F^)'r]'k = rf{F'^)'k = r]'k = uj^. Thus we have a trace map F^uj^ — > uj^. 
Taking cohomology yields ^"^ : F^ujx — > '^x ■ 

Definition 2.3 ( |Smi951 IBli04l IST08J ). Suppose that X is a variety. The •parameter test 
submodule of X, denoted t{ujx), is the unique smallest Ox-submodule M of dx, non-zero 
on any component of X, such that <^^(-F*M) C M where $^ : F^cox — > ^x is the canonical 
dual of Frobenius. 

li X = SpecR is a normal variety and F > is a Q-divisor on X. Then the parameter 
test submodule of {X,T), denoted T{uJx,'r), is the unique smallest non-zero Ox-submodule 
of ujx such that (j){F^M) C M where (j) ranges over all (j) G YioviiOx{^t^x{\{p^ — l)r]), wx) 
and ah e > (notice ujx ^ ujx{\ijp'' - l)r])). 

If F is not necessarily effective, then choose A a Cartier divisor such that F + ^ is effective 
(working locally if necessary). We then define r(ti;x,F) = T(a;x,F + A) (^ Ox{A). This is 
independent of the choice of A. 

Both T(ijOx) and t[ujx]Al) exist and their formation commutes with localization and so 
they can be defined on any (not necessarily affine) variety. 

Definition 2.4. Suppose that X is a normal variety and A is a Q-divisor on X. Fix a 
canonical divisor Kx- We define the test ideal r(X, A) to be t{ujx,Kx + A). 

Note t(X, A) is always an ideal sheaf of X if A > 0, see jBSTlll Lemma 2.29] (otherwise, 
it is a fractional ideal sheaf). We also note that r(X, A) is actually what is typically called 
the big test ideal or non-finitistic test ideal and denoted by Tb(X, A) or r(X, A). However, 
in the case that Kx + A is Q-Cartier, the only setting considered in this paper, rfe(X, A) and 
the classically defined r(X, A) coincide, |Takn4[ IBSTZTO] . 

We also record the following useful facts about (parameter) test ideals: 

Proposition 2.5. cf. jBMSOSi IBSTZlOi ISTOSl ISTTl] Suppose that (X, A) is as above and 
fix A to be a Cartier divisor on X . Then 

(a) t{X,/\ + A) = t{X,A)®Ox{-A). 

(b) For a// 1 » e > 0, we have that t{X, A + eA) = t{X, A). 

(c) t{ujx,A + A) = t{ujx,A)(^Ox{-A). 

(d) For a// 1 » e > 0, we have that t{ujx,A + eA) = t{ujx,A). 

Suppose now that (X, A > 0) is a pair such that Kx + A is Q-Cartier with index not 
divisible by p > 0. Choose e > such that [p^ — l){Kx + A) is Cartier. Then associ- 
ated to A and e we obtain a canonically determined (up to multiplication by a unit) map 
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</'A : F^^e,A — > Ox, where ^e,A = C'x((l — P^){Kx + A)) is a line bundle. Conversely, 
given a map cf) : F^^ — > Ox, it uniquely determines an effective Q-divisor A^ sucli that 
Ox ((1 - p''){Kx + A)) ^ ^. See |Scti09a] or [STTT] for further discussion. In this context 
however, r(X, A) is the unique smallest non-zero ideal J C Ox such that 

In fact, it is easy yet important to observe that we have equality: 

(2.5.1) (t>A{F^{J ■ ^eA)) = J- 

We also record the following fact for future use. First recall that if x € X is a smooth 
point and D is a, Q-divisor on X, then we define the multiplicity of D at x, denoted multa; D 
to be - viivMx{nD) where n > is such that nD is Cartier at x € X. See for example [Laz04t 
Page 163]. 

Lemma 2.6. c/. |Laz04l Proposition 9.3.2] Fix X to he a smooth n- dimensional variety and 
suppose that D is a Q-divisor with multiplicity > I at a (possibly non-closed) point x G X of 
codimension I. Then t{X,D) C q^. where q^ is the prime ideal sheaf corresponding to x G X. 

Proof. Suppose vr : Y — > X is the blow up of the point x G X and set E to be the component 
of the exceptional divisor dominating x. Observe that £"s coefficient in Ky —it* {K x + D) is < 
l—l—l = —1. Therefore, 7r*C'y([Ky—7r*(Erx+-D)]) C q^.. It follows from the usual arguments 
relating test ideals and multiplier ideals that r(X, D) C 7r*Oy([-fCy — tt*{Kx + -D)]), cf. 
[STTnillWn2] . and the result follows. D 

Definition 2.7. [FSTlll IBB091 IBh09j Suppose that {X, A > 0) is a pair such that if x + A 
is Q-Cartier with index not divisible by p. Fix (j)/\ : F^^^^A — ^ Ox as above. Then we define 
the non-F-pure ideal of {X, A), denoted o-(X, A) or (j{X, (J)a), to be the unique largest ideal 
J of Ox such that 

For any (possibly non-normal) reduced scheme over k with a given (p : F^^ — > Ox, we 
define cr{(j)) similarly. 

For an arbitrary variety X, we define cr(ojx) to be the unique largest submodule M of cox 
such that <I>(F*M) = M where $ : F^lox — > ^x is as above. 

Remark 2.8. While we defined r(X, A) for possible non-effective A, we only define (t(X, A) 
for A > 0. 

Remark 2.9. Alternately, set Jq = Ox and define recursively Jn+i '■= (pA{F^{Jn ■■^))- Then 
it can be shown that J„ = J„+i = . . . for n > |Gab04j . cf. [BSTZlOl |Lyu97t IHSTT) . It 
follows immediately that a{X, A) = J„ for n ^ 0. Likewise, a{oJx) = ^^(F^u^x) for e ^ 0. 

Definition 2.10. With notation as above: 

(i) we say that {X, A > 0) is strongly F-regular, if t{X, A) = Ox 
(ii) we say that X is F-rational if t{ujx) = ojx- 
(iii) we say that (X, A > 0) is sharply F-pure if o"(X, A) = Ox- 
(iv) we say that X is F-injective if $* : h*(F^a;j^) — > W{uj^) is surjective for each i. 

Remark 2.11. Strongly F-regular pairs are the analog of log terminal pairs in characteristic 
zero JHW02J . F-rational varieties are the analog of varieties with rational singularities in 
characteristic zero |Smi97al IHar981 IMS97J . F-pure pairs are the analog of log canonical pairs 
in characteristic zero JHW02J . Finally, F-injective varieties are the analog of varieties with 
Du Bois singularities in characteristic zero, |Sch09b| . 
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3. Motivational computations and easy cases 

Suppose that X is a smooth (or simply normal) projective algebraic variety over an alge- 
braically closed field k of characteristic p > 0. Further suppose that ^ is any line bundle on 
X. Consider the two linear systems: 



rO(X,wx®i?) = Hf-.Y-^x Image (^ii-0(X,/,(c^y®o^r^)) -> H^{X,iUx ®o^ ^V 
S''{X,ujx<E)^) = r\e>o Image (i/0(X,F,^(wx ® Ox ^^')) -^ H"{X,ujx <E)o^ ^)] 

where the first intersection runs over all finite maps / : Y — > X of irreducible varieties (note 
it is harmless to only consider reduced or even normal Y). This first linear system T^ was 
explored in [BSTllj where it was used to construct transformation rules for test ideals under 
birational maps. 

Notice that we always have 

r°(X, ujx(S)^)^ S\X, ujx ^) 

Furthermore, because H^{X,ujx (i^Ox ■^) i^ ^ finite dimensional fc-vector space, we see that 
both intersections actually stabilize. In other words, both intersections are equal to one of 
their members. 

We are primarily interested in the case where ^ is ample or in some weaker sense positive. 
Thus as a first step, consider the following: 

Lemma 3.1. Suppose that X is a smooth projective variety and .if is an ample line bundle. 
Then there exists an integer uq, depending on X and ^ , such that 

T\X,ujx^^l = S°(X,wx ®^") = H\X,ujx ®Ox ^1 
for all n > uq. In other words, these two linear systems are complete linear systems. 

Proof. Consider the section ring S = (BnezH^ {X , ^'^) . The canonical module of this ring is 
a;s = enGZ^°(X,a;x®^"). 

We first show that S^{X,ujx ® ^) = H^{X,iox 'S>Ox -^) since that is conceptually eas- 
ier. Now the maps ^'^ : F^ujs — > ojs are induced by the maps (f)^ : H^{X,F^{ojx ®Ox 
^P")) -^ H^(X,iox ®Ox ■^) in the obvious way, sending H^{X,F^{uJx ®Ox if™^')) -^ 
H^{X, F^jujx (^Ox ^'^)) and sending Ii^{X, F^{ujx ®Ox ■^")) ^ zero for n not divisible by 
p", cf. [^inl Section 5.3]. 

Now, the image of ^^ stabihzes for e > by |Gab04| . cf. JBSTZIO] . In other words, 
(^^{F^ujs) = ^'^'^'^{F^'^'^ujs) for all sufficiently large e. Furthermore, it is surjective out- 
side of the irrelevant ideal S+ = 0n>i5'.« because S is smooth on the punctured spectrum. 
Thus {^^■-^^(^^(F^ojs) is contained within 5>.„q • ujs for some ng > 0. But this implies that 

50(X,a;x~«)-^") = H^{X,ujx ^Ox ^") for aU n > uq. 

For T^{X,ujx (8) ^") we use a similar idea. However, in this case it follows that 

©„ezr°(X,^xC5if")DT(a;s) 

where t{u}s) is the parameter-test submodule [BSTllj . Again, because S is smooth on 
the punctured spectrum, t{ujs) 5 S>mo ■ ^s for some niQ > and so T^{X,uJx -Sf") = 
H°{X, ux ®Ox ■^") for all n > mo. D 

Remark 3.2. In fact, the above proof shows that the condition that X is smooth can be 
weakened substantially. In particular, one still has S^{X,bJx (8) -Sf") = H^{X,ujx ®Ox -^"') 
for n ^ if one assumes that X has F-injective singularities. More generally one has 
T^{X,ujx (8) -S^") = H^{X,uJx 0Ox ■^") for n > if one assumes that X has F-rational 
singularities. 
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3.1. Curves. Suppose that C is a smooth curve of genus g and further suppose that ^ is 
an ample hne bundle of degree d > on C. The map 

need not be surjective in general, even if H^{C, F^uc) — > H^{C, uc) is surjective, see |Tan72j . 
However, if d > ^^, then it is surjective by |Tan721 Lemma 10]. Thus S^{X,(jJx ® ^) = 
H^{X,ujx ®Ox ■^) f°^ ^^1 -^ °f degree at least -^^. However, even if it is not surjective one 
can still ask whether or not S^{X,ujx ® ^) is base point free or more generally induces an 
embedding. For these questions, the answer is as good as one could hope for: 

Theorem 3.3. With notation as above, if ^ has degree at least 2, then T^{C,u}c ^ ^) Q 
S^{C,ujc®.^) is base-point-free. If^ has degree at least 3, thenT^{C-^ioc®-^) ^ S^{C,ioc® 
^) induces an embedding of C into projective space. 

Notice that deg(a;c' ® .^) = 2g — 2-\-d and merely based upon the degree of ojc ® -^ , the d 
in the theorem is the smallest d such that H^{X, ojx '^Ox ■^) i^ base-point free / respectively 
an embedding. Of course, one might hope for better bounds [Har771 Chapter IV] . 

Proof. First suppose deg^ = 2. Further, choose any point Q £ C. It is sufficient to show 
that the map a in the diagram below: 

-^ H'^{C,LJc{-Q) ® ^) ^ H"{C, ujc®^)^ H'>{Q,WQ ® if ) ^ = H^{C, ujc{~Q) ® ^) 

does not send T^{C,ujc ® =S?) to zero. In other words, this means that a|TO(C,i.Jc®i?) ^^ 
surjective. Here the final entry H^{C,uici—Q) 0^) is zero because deg.if(— P) > 0. 

Fix / : D — 7- C to be any finite cover of C from a normal scheme D such that the image of 
H°{D,UJD ®Od f*-^) -^ H^{C,ujc<^^) is equal to T^{C,ujc®^)- Consider the following 
diagram: 

> H"{C,ujc{-Q) «) ^) > H"{C, ujc ® ^) > H"{Q,ujQ (E) ^) > 



-^ H"{D,UDi-f*Q) ®Oo r^) -^ H"{D,UD ®Oo I*^) ^ H°if*Q,ujf.Q ®Oo I*^) -^ 

noticing the f*Q need not be reduced or irreducible. Here the top row is exact since = 
H^{C,0Jc{-Q) ^ -Sf) and the bottom row is exact since = H^{D,LOD{-f*Q) ®Od f*-^)- 
However, Q is a point, and thus non-singular and so the natural map f^ijjf*Q — > ujq is 
surjective. But this implies ip is surjective and so'0o/3 = ao</'is surjective as well. It 
immediately follows that a|iinagc((^) is still surjective. This completes the proof of the first 
statement. 

For the second part, choose two points P,Q £ C (possibly allowing P = Q). We form a 
diagram as before: 

^ H°{C,u)c{-P-Q)®^) > H'^{C,LOc®y) > H'^iC^uip+Q^X) ^0 



As before, the top row is exact since = H^{C,ujc{—P — Q) ^ ^) and the bottom row is 
exact since = H^{D,oj£){—f*{P-\-Q))®Oj^f*.^). Again, we want to prove that a|imagc{0) is 
surjective. li P ^ Q, then the same argument as before implies the desired surjectivity. Now 
suppose that P = Q. It is sufficient to prove that f>tUJf*2Q — > 0J2q is surjective. Of course, 
there are covers of uj2q where that map is not surjective (for example, the one corresponding 
to the reduced scheme Q). Consider the map Oc.q — > ^D,{f-'^Q)rcd °^ semi-local rings. Since 
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Oc,Q is regular, this map is split. It follows that O2Q — > C'2f*Q is also split. The desired 
surjectivity now immediately follows. D 

3.2. Global generation in higher dimensions. Suppose that .if is a globally generated 
ample line bundle on a smooth (or even i^-injective) variety X of dimension d. In jSmi97b| 
IHar05l[Kee08j . it was shown that H^{X,oJx ® ^'^~^^) is globally generated, respectively that 
H^{X, LOx®^'^^'^^ induces an embedding of X into projective space. Further refinements are 
also possible (replacing ^^^+1 by ^'^^^ for some ample divisor ^ |Kee08j ). However, those 
previous proofs actually showed something more, they in fact showed that 5°(X, lox®^'^^'^^ 
was globally generated and that S''^(X, wx ® _2''i+2) induced an embedding into projective 
space. 

In order to motivate our later work, let us briefly prove this result since the proof is quite 
straightforward. 

Theorem 3.4. |Smi97bl IHar05l IKeeOSj Suppose that X is a projective F-injective variety 
and that S£ is any globally generated ample line-bundle and ^ is any other ample line bundle. 
Then 

(1) ujx® ^^ ® J^ is globally generated by S'^{X,u}x ^ .if^ ® ^). 

(2) If X is smooth, then S^ {X , ux 'S>^ ^^ ^^) induces an embedding of X into projective 
space. 

Taken from [KeenSj . Choose e » and notice that W{X,uJx (S> ^^^ ® ^p"^'^~'')) = for 
all i > by Serre vanishing. Therefore, {F^u}x) "^ -^ '^ -Sf is globally generated as an 
Ox -module by Theorem 12.11 However, {F^ujx) ^ ^'^ surjects onto ujx ^ -Sf^ by 
the assumption on the singularities of X. In particular, ux <X> ^ <8> ^ is globally generated 
by the linear system 

Image (h^{X, {F^ujx) ® Ji ® if^) -> F°(X, l^x O ^ «> ^'^) 



This linear system equals S^{X^liJx ® ^'^ ® -^) since e » 0. 

For the second half, mimicking the proof of jKeeOSj . cf. jLaz041 Example 1.8.22], we fix a 
point y € X and choose e S> such that 



m 



y 



(F>x)«)^'^+^0^ 



is globally generated (this was shown in jKeeOSj ). Consider the following diagram: 
H^{X, my (g) (F>x) «) ^'^+^ ® ^) ^^ H^{X, (F^ujx) ® ^'^^^ «> -#) 



H'^iX, my® UJX ^ ^'^+^ «) ^) ^ > H^{X, UJX ® ^'^^^ ® JK) 

It immediately follows that l3~^{S^{X,uJx®.^'^^^®.^)) globally generates my^ujx®^'^^^® 
^ . Note this holds for each point y € X so that 5" (X, ujx ® ^'^^^ (g) ^) clearly separates 
points. It also separates tangent vectors since /3~^(5'^(X, c<;x'g'-Sf'^+^®^)) globally generates 
m.y^ujx®^'^^^ ®^ and thus its image also globally generates (rriy/m^) (gwx (8'^'^"*"^ (8)^, 
cf. IHarVni Page 21]. D 

4. Q-DIVISORS AND GLOBAL GENERATION 

Definition 4.1. Suppose that X is a normal proper variety over an algebraically closed field 
of characteristic p > 0. Further suppose A > is a Q-divisor such that Kx + A is Q-Cartier 
with index not divisible by p. Finally suppose that M is any Cartier divisor. 
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Consider the map (j)'^^ : F^^^A — ^ ^^ ^^ ™ Section [2j Notice that (j)/\ restricts to 
surjective maps: 

F,^(a(X,A)®ife,A)-^^(X,A) 

We then define 5°(X, (t(X, A) ® Ox{M)) as 

:= nn>o Image {h%X, F^'a{X, A) ® ifne,A(p"'M)) 

^/70(X,a(X,A)®Ox(M))) 

n„>o Image(ifO(X,Fri4e,A(p""M)) 

-^H%X,Ox{M)) 
C i/0(X,Ox(M)). 

Likewise, we define S°{X,t{X,A) (g) Ox{M)) as 

:= n„>o Image [h^ {X, F:^t{X, A) ^„e,A(p""Af )) 

^i70(X,r(X,A)®(!?x(M))) 
C H'>{X,Ox{M)). 

It is straightforward to see that these objects are independent of the choice of e. 

Observe the following: 

Lemma 4.2. With notation as in Definition \4-l\ it follows that 

5° {X, t{X, A) ® Ox{M)) C 5° (X, a(X, A) ® Ox{M)) 

Furthermore, if Ai > A2 both satisfy Kx + Aj 6ein5 Q-Cartier with index not divisible by p, 
then 

5O(X,r(X,Ai)®Ox(Af))C5O(X,r(X,A2)0Ox(Af)). 
The same statement holds for cr{X, Aj). 

Proof. The first statement is obvious since t{X,A) C a{X,A). For the second statement, 
choose a large e = ei = 62 and then notice that 0^ factors through c/)'^ . D 

4.1. General global generation statements for S^. We now state our first global gen- 
eration statement, the proof strategy is the same as in Theorem 13. 4[ cf. jKeeOSj . 

Theorem 4.3. Suppose that X is a d- dimensional variety and that A is a Q-divisor such 
that r = Kx + A is Q-Cartier with index not divisible by p > 0. Further suppose that L 
is a Cartier divisor such that L — Kx — A is ample. Finally suppose that M is a globally 
generated ample divisor. Then 

(j{X,A)®Ox{L + nM) 

is globally generated for n > d by S^{X,(t{X,A) (g) Ox{L + nM)). Furthermore, the same 
result holds for t{X, A) in place of a{X, A). 
In particular, if (X, A) is sharply F-pure, then 

H^{X,Ox{L + dM)) 

is base-point-free. 
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Proof. Choose e > such that {p^ — l){Kx + A) is Cartier. 

We start with the natural map 4>a ■ i^=f^e -> Ox where ^e = Cx((l -p''){Kx + A)). For 
each n > 0, we have the natural map (p^ : F^^^ne — > Ox where ^„e = Cx((l —p"'^)iKx + 
A)). We fix n » 0. Notice that 

</.l(Fr(a(X, A) • Oxiil-pniKx + A)))) = a{X,A) 

Twisting by Ox{L + dM) gives us a surjective map 

F::^{a{X, A) • Ox{{l - p"")(i^x + A) + p''"^ L + p""^ dM)) -^ a{X, A) ®Ox{L + dM). 

The left-side is equal to F,""(c7(X, A) «) Ox{L) O Ox((p"^ - 1)(L - i^x - A) + p'^^dM)). 
We will show that this sheaf is globally generated as an Ox-module by using Theorem I2.H 
Castelnuovo-Mumford regularity. To see this, simply notice that 

w(x,F^^{a{X,A) (8 OxiL) ® OxHp""^ - 1){L - Kx - A) + p'^^dM)) ^ Ox{-iM) 

= W Ix, F^^{a{X, A) (g) Ox{L) Ox((K' - 1){L - Kx - A) +p-^%d - i)M))'^ 

= H' [X, Fr (ct(X, A) ®Ox{L + {d- i)M) ® OxHp""' - l)(i -Kx-A + {d- i)M))) 

which vanishes by Serre vanishing for ./K ^ since for any i < d, L — Kx — A + (d — i)M is 
ample. It follows that 

F:%aiX,A) OxiL) ^ OxHp""' -1){L-Kx- A)+p^^dM)) 

is globally generated as an Ox-module, as claimed. Therefore, the quotient o"(X, A)i^OxiL+ 
nM) is then also globally generated as an Ox-module 

For the statement involving r, replace a by r. For the final statement, notice that (X, A) 
is sharply F-pure if and only if o"(X, A) = Ox- D 

Remark 4.4. In fact, the same result also holds for the relative (adjoint-like) test ideals of 
[TakOSl ISchOOaj and more generally for many of the ideals considered in |BB09l IBliOQj . 

We state an easy but important corollary showing we can weaken the ampleness condition 
on L — Kx — A to big and nef, via a perturbation trick. 

Corollary 4.5. c/. |Laz04l Proposition 9.4.26] Suppose that X is a normal projective variety 
of dimension d and that M is a globally generated ample Cartier divisor. Let A he an effective 
Q-divisor such that Kx + A is Q-Cartier and suppose that L is a Cartier divisor such that 
L — Kx — A is big and nef. Then 

T{X,A)(^Ox{L + nM) 

is globally generated for n > d. In particular, if {X,A) is strongly F -regular, then OxiL + 
nM) is globally generated. 

Proof. Choose an effective Cartier divisor D such that D + Kx is effective. Choose another 
effective Cartier divisor E such that L — Kx — A — eE is ample for all 1 ^ e > 0. Now fix a 
rational e > such that L — Kx — A — eE is ample and such that t(X, A + eE) = t(X, A). 
Additionally suppose that np^°{Kx + A -|- eE) is Cartier for some integer n with p /( n and 
some integer eo > 0. Choose e ^ cq and consider the effective Q-Cartier Q-divisor 

^ _ D + Kx + A + eE 
[p- - 1) 

Since e » 0, we know that t{X,A + eE + T) = t{X,A + eE) = t{X,A). Additionally, 
L — Kx — A — eE — P is also ample for the same reason. On the other hand, 

n{p^-l){Kx+A + eE + T) 
= n{p^-l){Kx + A + eE) + n{D + Kx + A + eE) 
= uD + np^'iKx + A + eE) 
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which is Cartier. Thus the index of Kx + A + eE + T is not divisible by p and the result 
follows immediately from Theorem 14.31 D 

Remark 4.6. We cannot use the same technique for a{X, A) in place of t{X, A) in Corollary 
14. 5[ In particular, we cannot guarantee that cr(X, A + eE) = o"(X, A) no matter how small 
e > is. 

Remark 4.7. If in the previous corollary, we assume that Kx + A is Q-Cartier with index 
not divisible by p > 0, then we need not introduce the divisor V at all. Now observe that 

5° (X, r(X, A + e^) ® Ox{L + nM)) C 5° (X, r(X, A) (^Ox{L + nM)) 

and so it follows that 5° (X, r(X, A) ®Ox{L + nM)) globally generates r(X, A) (^Ox{L + 
nM). Likewise, even without the assumption on the index of Kx + A, for any definition 
of S^ {X, t{X, A) (g) Ox{L + nM)) satisfying Lemma 14.21 we obtain the global generation by 
the same argument. 

We now obtain a result which directly generalizes the global generation results of |Kee08j 
and |Smi97bj . 

Corollary 4.8. Suppose that X is an F-rational projective n-dimensional variety, M is a 
globally generated ample Cartier divisor and N is any big and nef Cartier divisor. Then 
LOx{nM + A^) is globally generated. 

Proof. Fix a canonical divisor Kx ■ Choose any effective Cartier divisor A such that A — Kx 
is effective. Set /\ = A — Kx and set L = A + N . Then 

L-Kx-/^ = A + N-Kx-A + Kx = N 

is big and nef. It follows that t{X, A) = t{ujx,Kx + A) = t{ujx,A) = t{ujx) <8) Ox{-A) = 
ujx{—A) where the last equality comes because X is F-rational. Thus t{X,A) Ox{L + 
nM) = ujx{-A + L + nM) =bJx{N + nM) is globally generated. D 

The following application is a demonstration of the utility of the above results. We give a 
new proof of a characteristic p > Q analog of a special case of the main result of |EV83j . cf. 
|Wal79] . Variants of this problem were also studied by Bombieri, Skoda, Demailly, Wiistholz, 
Chudnovsky and others. See |EV83] and |Laz041 Section 10.1] for a discussion of the history of 
this problem in characteristic zero. Recently, B. Harbourne observed that the characteristic 
p > result below could be easily obtained via |HoHu02] . the simple argument is briefly 
described in a special case in |Har091 Slide 17] and in the introduction to [HaHull] . 

Theorem 4.9 ( |Har09j . cf. |EV83j ). Fix a reduced closed subscheme /S C P^ = X, where k 
is an algebraically closed field of characteristic p > 0, such that each irreducible component 
Z C S has codimension < e in P]!. Suppose that A CF"^ is a hypersurface of degree d such 
that vnvMx A > I for all x € S". Then S lies on a hypersurface of degree [-^J . 

Proof This proof taken from |Laz04l Proposition 10.1.1, Example 10.1.4], cf JEV83[|EV92] . 
Set D = J A. Notice that mult^; D > e for all a; € S*. It follows from Lemma 12.61 that 
t{X, D) C Ig where Is is the ideal defining S. Set 6 = [^J . 

Set H to be the hyperplane divisor on X and consider mH — Kx — D ~(q mH + (n + 
1)H — ^H and observe it is ample as long as ?7i > -^ — (n + 1). Since m is an integer, this 
happens if and only if m > [^J + 1 — (n + 1) = 6 — n. Choose L = {6 — n)H and notice that 
then 

r (X, D) ®Ox{L + nH) = t{X,D)®Ox (<5) 
is globally generated. But t(X, D) C Xg and so there exists a non-zero section 

s € H\X,t{X,D)®Ox{S)) C H\X,ls®Oxm C H\X,Ox{5)). 
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The zero locus of that section has the desired property. D 

Remark 4.10. It would be interesting to try to prove the full results of |EV83j in characteristic 
p > 0. This does not seem to follow from |HoHu02"] . Indeed perhaps it is possible to simply 
mimic Esnault and Viehweg's proof (especially in light of Section [5] below). 

5. F-PURE CENTERS 

Suppose that {X, A > 0) is a pair such that Kx + ^ is Q-Cartier with index not divisible by 
p > 0. Choose e > such that {l-p^){Kx + A) is Cartier. Set ^eA = Oxi{l-p''){Kx+A)) 
and consider (p/^ : -Ff ^e,A — > Ox to be a map corresponding to A as in Section [2l Recall 
the following definition. 

Definition 5.1. |SchlOl fSchOOaj With (X,A) as above, a subvariety Z (^ X is called an F- 
pure center of {X, A) if (X, A) is sharply F-pure at the generic point of Z and additionally 
if 

where ^z is the ideal sheaf defining Z C X. Thus we induce a non-zero map: 

If Z is normal, then cj)^ corresponds to an effective Q-divisor A^ on Z such that {Kx + 

A)|z~Qi^z + Az. 

Remark 5.2. Even more, if Z is a union of F-pure centers, then it is easy to see that we still 
have a map 

We now demonstrate how F-pure centers can be used to lift sections and to prove that 
adjoint linear systems are base point free along certain loci. 

Proposition 5.3. Fix X a normal projective variety and suppose that (X, A > 0) is a pair 
such that Kx + A is Q-Cartier with index not divisible by p > 0. Suppose that Z <^ X is any 
union of F -pure centers of {X,A). Finally, suppose that M is a Cartier divisor such that 
M — Kx — A is ample. Then there is a natural surjective map: 

S\X,a{X,A)®Ox{M))-^S'^{Z,a{Z,(P^)(^Oz{M)). 

Proof. Choose e ^ such that {l—p'^){Kx + A) is Cartier and consider the diagram of short 
exact sequences: 

> Ft {Jz ■ ^eA) > F*^eA > F: {^eA ® ^z) > 



> J^z > Ox > Oz > 

Twisting by M and taking cohomology, we obtain 



-^ H'^(X,.fz ■ Ox{M)) > H^{X,Ox{M)) )■ H^\Z,Oz{M)) 

5 



where the top sequence is exact since 

H' {X, Ft {Jz ■ ^eA ® OxijfM)) ) = H^ (X, Ft {Jz ■ Ox{fM - (/ - \){Kx + A))) ) 
which vanishes for e ^ by Serre vanishing. 
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Now, since e S> 0, the image of a is S^(^X,a{X,/S.) (g) Ox{M)^ and similarly the image 
of /3 is S"{Z,a{Z,(j)^) ® Oz{M)). Choose x = j3{y) £ S°{Z,a{Z,<P^) ^ Oz{M)). Fix 
w G H°{X,F^{^e,A «> Ox{p''M))) such that -f{w) = y. Thus d{a{w)) = x and so the 
claimed map is surjective. D 

Remark 5.4. If in the previous Proposition Z is a finite union of closed points then it is easy to 
seethat S^{Z, a {Z,(j)^)0Oz{M)) ^ H^{Z,Oz). It follows that 50(X,f7(X, A)®Ox(M)) C 
H°{X, Ox{M)) separates the points of Z. 

Now we state a corollary. The author expects that parts of this have been known to experts 
for several years: 

Corollary 5.5. Suppose that {X,A) as in Proposition \5.3[ Suppose that Z Q X is a normal 
F-pure center of {X, A) and also suppose that M is a Cartier divisor on X such that M — 
Kx — A is ample. Write (Kx + A)\z ~(Q) Kz + A^ with Az as in Definition \5.1\ and suppose 
that {Z,Az) is sharply F-pure. Finally suppose that one of the following holds: 

(i) Oz{M) is equal to Oz{{'iimZ)A + B) for some globally generated ample Cartier 

divisor A on Z and some Cartier divisor B such that B — Kz — Az is ample, or 
(ii) Z is a minimal F-pure center and Oz{M) is equal to Oziidim.Z)A + B) for some 
globally generated ample Cartier divisor A on Z and some Cartier divisor B such 
that B — Kz — Az is big and nef, or 
(iii) Z is a smooth curve and M\z — Kz — Az ~(Q (M — Kx — A)|^ has degree > 1, or 
(iv) Z is a closed point. 

Then H^{X,Ox{M)) has no base points along Z. 

Proof. In each case, we utilize Proposition 15.31 Therefore, it is sufficient to show that the 
submodule S^{Z,a{Z,(j)^) OzjM )) is base-point-free. Note that Oz = cr{Z,<j)^) by the 
sharp F-purity hypothesis, |Sch09aj . 

In case (i), we simply apply Theorem l4.31 For case (ii), we notice that (Z, Az) is strongly ir- 
regular by |Sch09a| and so we apply Corollary 14.51 Case (iv) is trivial. For case (iii), we apply 
a similar strategy as in Theorem 13.31 Set Lz = {I — p'^){Kz + Az) ~q (1 — p^){Kx + A)\z. 
We consider the following diagram for e ^ and any closed point Q £ Z. 

H"{Z,Oz{M\z-Q)) > H%Z,Oz{M\z)) ^^ H^^iQ^Oq) 



H%Z, Oz{p'{M\z -Q)+ Lz)) -^ H%Z, Oz{p'M\z + Lz)) -^ H°iQ, Op^g) -^ 

where the bottom row is exact since 

H^(Z,Oz{p%M\z-Q) + Lz)) 
= H^{Z,u;zi-p%M\z-Q)-Lz)) 

= H'^iz, Oz{Kz -M\z + Q- {p' - l){M\z - Kz - Az - Q)) 
= 

and the last equality follows since e » and degMj^ — Kz — Az — Q > 0. Therefore /3 is 
surjective and certainly ij: is as well. Thus a is surjective and the proof is complete. D 

Remark 5.6. One can apply the method of the previous theorem even without the assumption 
that the F-pure center Z is normal. Indeed, one only needs that (Z, c^^) is sharply im- 
pure (meaning that c/)^ is surjective) and that 5*^(Z, (t(Z, (/i^) (g) Ox{M)) globally generates 
a{Z,(^z)®Ox{M). 
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6. Further comments 

Indeed, many of the results of this paper can easily be generalized to the context of im- 
pure Cartier modules in the sense of [BB091 IBli09j . Indeed, on a scheme X, an F-pure 
C artier-module is a coherent Ox-module ^ together with a given surjective map 

for some choice of invertible sheaf ^. We note that the Cartier-modules introduced in |BB09j 
do not include the line bundle 5^ (or rather, always assumed ^ = Ox), but the authors 
were certainly aware of this generalization. 

Let us give an example of this. Suppose that X is any d-dimensional F-injective variety over 
a field. Since X is in particular SI, it follows that dimSupph*(a;3(^) < d^i — \ for —d < i < 0, 
see [BSTllj . Now, notice that the natural map F^h^{uj^) — > h'^(iu^) is surjective since X 
is i^-injective. Therefore, using the same argument as in |Kee08j or Theorem 14. 3|, we obtain 
the following: 

Proposition 6.1. Suppose that X is a projective F-injective d-dimensional variety. Further 
suppose that .^ is a globally generated ample line bundle and ^ is any other ample line 
bundle. Then the sheaf 

is globally generated for —d < i < 0. 

Proof Choosing some e » 0, we know that ^ := F^[h.''{uj'j^) (g) ^p''('^+*~^) ^p") satisfies 
the hypothesis of Theorem 12.11 (in other words, it is 0-regular with respect to ^). Thus ^ 
is globally generated as an Ox-module. Thus the quotient h.'^{uj^) ^ ^ ~^^~^ .^ is also 
globally generated, proving the theorem. D 
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